Lecture 3
The theory of linear systems
In mathematics, the theory of linear systems is the basis and a fundamental part of linear algebra, a subject which is used in most parts of modern mathematics. Computational algorithms  for finding the solutions are an important part of numerical linear algebra, and play a prominent role in engineering, physics, chemistry, computer science, and  economics. A system of non-linear equations can often be approximated by a linear system.
The basic concepts. A general system of m linear equations with n unknowns can be written as:
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Hear 
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(i=1,2,…,m, j=1,2,…,n) - are the coefficients of the system, and 
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(i=1,2,…,m) - are the constant terms. Brief notation of  system (1) is:
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A system of linear equations is homogeneous if all of the constant terms are zero:
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A solution to a linear system is an assignment of numbers to the variables such that all the equations are simultaneously satisfied.
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The set of all possible solutions is called 
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 the solution set.

A linear system is consistent if it has a solution, and inconsistent otherwise. 
A linear system may behave in any one of three possible ways:

The system has infinitely many solutions.

The system has a single unique solution.

The system has no solution.
Every homogeneous system has at least one solution, known as the zero solution (or trivial solution), which is obtained by assigning the value of zero to each of the variables. If the system has a non-singular matrix (det(A) ≠ 0) then it is also the only solution. If the system has a singular matrix then there is a solution set with an infinite number of solutions
A is an m×n matrix, X is a column vector with n entries, and B is a column vector with m entries:
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(1) system  represented in matrix multiplication form as follows:
АХ=В                  (3)


An augmented matrix is a matrix obtained by appending the columns of two given matrices
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Kronecker–Capelli theorem. A system of linear equations with n variables has a solution if and only if the rank of its coefficient matrix A is equal to the rank of its augmented matrix [A|b].  

In particular:

if n = rank(A), the solution is unique,

otherwise there are infinite number of solutions. 
Consider methods for solving the system.
Cramer's rule
Let us consider the system of  n  linear equations with n unknowns
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Consider the determinant:   
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 by replacing the j-th  column constant terms. So, if 
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 then system has a single unique solution:
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(5)  called Cramer's formula. 

For each variable, the denominator is the determinant of the matrix of coefficients, while the numerator is the determinant of a matrix in which one column has been replaced by the vector of constant terms.
Example. Solve the system of equations by Cramer's rule
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Calculated
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The solution of system is:
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The method of inverse matrix 
Let us consider matrix form of the system of  n  linear equations with n unknowns:
АХ=В,

where   
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Айталық   А  ерекше емес матрица болсын, яғни матрица анықтауышы нолге тең емес, олай болса әр уақытта  
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 кері матрицасы бар болады. Теңдеуді сол жағынан кері матрицаға көбейтейік,
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А=E  болатындықтан,

ЕХ=
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кез келген матрицаның бірлік матрицаға көбейтіндісі сол матрицаның өзіне тең болатындықтан, ЕХ=Х:
Х=
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Сонымен, кері матрицалық әдіс бойынша жүйенің шешімін табу үшін бос мүшелерден құралған матрицаны жүйе матрицасының кері матрицасына сол жағынан көбейту керек екен.


Жоғарыда карастырылған  
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жүйені осы әдіс бойынша шешіп көрейік.

Шешуі.  
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 болғандықтан, жүйе матрицасы ерекше емес. Осы матрицаның кері матрицасын табамыз: 
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Енді Х=
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В  теңдікті қолданып белгісіздерді табамыз:
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 шешімдері табылды.

GAUSS-JORDAN ELIMINATION METHOD 
A general system of m linear equations with n unknowns can be written as:
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Let us consider an augmented matrix
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After elementary transformation it matrix becomes:
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The corresponding system of this matrix is:
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If in equations 
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 isn't zero, then system will be inconsistent. If in equations 
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We know if n = rank(A), the solution is unique,

otherwise there are infinite number of solutions.  
Let r<n. 

If determinant of coefficients of the variables  
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 called  basic variables, another n-r   variables called  free  variables. 

The solution   called basic solution, when free  variables  are zero. The number of  basic solution is substantially less of  
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Example 1.  
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So we have a single unique solution
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Шешуі. Жүйенің кеңейтілген матрицасын жазып, элементар түрлендірулер жасайық:


[image: image89.wmf]|

|

|

1

8

3

5

1

2

1

2

3

4

5

1

1

ç

ç

ç

è

æ

-

-

=

A



EMBED Equation.3[image: image90.wmf]÷

÷

÷

ø

ö

1

0

1



 EMBED Equation.3  [image: image91.wmf]¿

-

)

2

(



EMBED Equation.3[image: image92.wmf]¿

-

|

)

5

(



EMBED Equation.3[image: image93.wmf]|

|

|

14

12

22

0

7

6

11

0

3

4

5

1

~

ç

ç

ç

è

æ

-

-

-

-

-

-



EMBED Equation.3[image: image94.wmf]÷

÷

÷

ø

ö

-

-

4

2

1



EMBED Equation.3[image: image95.wmf]¿

-

)

2

(



[image: image96.wmf]|

|

|

0

0

0

0

7

6

11

0

3

4

5

1

~

ç

ç

ç

è

æ

-

-

-



EMBED Equation.3[image: image97.wmf]÷

÷

÷

ø

ö

-

0

2

1



 EMBED Equation.3  [image: image98.wmf]11

5

 
[image: image99.wmf]ç

ç

è

æ

-

-

-

-

7

6

11

0

11

2

11

14

0

1

~



EMBED Equation.3[image: image100.wmf]|

|



EMBED Equation.3[image: image101.wmf]÷

÷

ø

ö

-

2

11

1


Соңғы матрицаға сәйкес келетін жүйе жазайық:
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ЕСЕПТЕР  МЕН ТАПСЫРМАЛАР

1. Will be consistent system of equations. 
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2.  Solve the system of equations by Cramer's rule and the method of inverse matrix 
а)
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3. Solve the system by Gauss-Jordan elimination method 

а) 
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4. Find of all the basic solution
а) 
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5. Solve the homogeneous  system
а)
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6. Will be consistent system of equations. 

а) 
[image: image135.wmf]î

í

ì

=

-

=

+

8

3

1

2

1

2

1

x

x

x

x

,                          б) 
[image: image136.wmf]ï

î

ï

í

ì

=

-

-

=

+

-

=

-

-

1

2

2

2

1

3

4

3

3

2

1

3

2

1

3

2

1

x

x

x

x

x

x

x

x

x

, 

      в) 
[image: image137.wmf]ï

î

ï

í

ì

=

-

+

=

+

+

=

+

-

0

2

3

0

5

2

0

3

3

2

1

3

2

1

3

2

1

x

x

x

x

x

x

x

x

x

,                 г) 
[image: image138.wmf]ï

ï

î

ï

ï

í

ì

=

+

-

=

+

-

=

-

+

-

=

-

+

2

3

3

4

3

2

4

2

4

1

3

2

3

2

1

3

2

1

3

2

1

3

2

1

x

x

x

x

x

x

x

x

x

x

x

x

, 

      д) 
[image: image139.wmf]ï

î

ï

í

ì

=

-

-

+

=

+

+

+

=

-

-

+

0

5

8

5

2

0

5

4

0

2

3

4

3

2

1

4

3

2

1

4

3

2

1

x

x

x

x

x

x

x

x

x

x

x

x

.

7.  Solve the system of equations by Cramer's rule and the method of inverse matrix 
а)
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8. Solve the system by Gauss-Jordan elimination method 
а) 
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9.  Find of all the basic solution
а)
[image: image151.wmf]î

í

ì

=

+

=

+

0

2

0

5

2

1

2

1

x

x

x

x

, б) 
[image: image152.wmf]î

í

ì

=

+

+

=

+

+

0

3

2

5

0

2

2

3

3

2

1

3

2

1

x

x

x

x

x

x

,  в) 
[image: image153.wmf]ï

î

ï

í

ì

=

+

+

=

-

+

=

+

-

0

0

5

3

2

0

2

3

3

2

1

3

2

1

3

2

1

x

x

x

x

x

x

x

x

x


10. Solve the homogeneous  system
а) 
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